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EXTENDED ABSTRACT However, we suppose that this method is
applicable to problems of practical size on account
The dynamic factor model proposed by Stock and of the recent advancement of computing power

Watson (1989) has been widely used in that it can
express the behaviour of a large set of variables
using a small number of factors. This model has
been especially useful in macro economics and
financial econometrics. See Stock and Watson
(2005) for more recent development of dynamic
factor models. As far as | know, most of research
has addressed the estimation of the model, and
relatively less attention has been paid to hypothesis
testing.

We here consider the problem of deciding the
number of factor. This problem was considered
only by Bai and Ng (2002) using an information
criterion in panel analysis of large cross-sections
and large time dimensions. Unlike theirs, this
paper considers this problem in the framework of
the bivariate time series analysis ; we only assume
that the time series data is long enough. Instead,
we have to specify more detailed structure of the
dynamic process. We propose the Lagrange
multiplier test for the hypothesis that two variables
have a single common dynamic factor; the result
can be easily generalized to the case of more than
two variables. The null hypothesis of the paper is
that the variables have a single common factor and
the null is defined by equal autoregression
coefficients and perfectly correlated disturbances.
The Lagrange multiplier test, which requires only
the estimation under the null hypothesis, is useful,
because the Wald and likelihood ratio tests require
estimation of the large number of factors under the
alternative hypothesis.

The dynamic factor model is estimated by the
linear Kalman filtering. We obtain the formula of
the test statistic using the derivative formula of
degenerate density in integrals. It is shown that the
test statistic is obtained from the conditional
expected value and covariance of the dynamic
factor. This method is practical only when the
number of variable is not too many, because the
covariance matrix is obtained by matrix inversion.
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1. INTRODUCTION

The dynamic factor model proposed by Stock and
Watson (1989) has been widely used in that it can
express the behavior of a large set of variables
using a small number of factors. This model has
been especially useful in macro economics and
financial econometric; it can be used to extract
market portfolio and leading indicators from actual
macro and market data. As far as | know, most of
research has addressed the estimation of the model,
and relatively less attention has been paid to
hypothesis testing. The problem of deciding the
number of factor was considered only by Bai and
Ng (2002) using an information criterion in panel
analysis of large cross-sections and large time
dimensions. Unlike theirs, this paper considers
this problem in the framework of the bivariate time
series analysis and proposes the Lagrange
multiplier test for the hypothesis that two variables
have a single common dynamic factor; the result
can be generalized to the case of more than two
variables. The Lagrange multiplier test, which
requires only the estimation under the null, is
useful, because the Wald and likelihood ratio tests
require estimation of the large number of factors
under the alternative hypothesis. See Stock and
Watson (2005) for more recent development of
dynamic factor models.

2. MODEL

We now define the following bivariate dynamic
factor model:

Yie = hn + Vi O
Yoo = h2t + Vo t=1..,T,
where

(s 2)

This model is an exact dynamic factor model; it
has uncorrelated disturbances. The observation
density is expressed as

f (ylt’ th | hlt’ th)
= (2rof) P exp(-(y, —h,)*1257)) O
(2703) ™ exp(=(Yy —h,)* 1(253)),
We assume that the unobservable state variables,
h, and h,, , are generated by the following
transition equations:

hlt = blhl,t—l + oy,
hy, = b2h2,t—1 + Uy + pUy, (4)
|b <1, |b, <1,

[AREIE

The likelihood function of
Yo = (ylt, th)' is expressed as
f(Y,en Yr)

ZI f(yT |hT)f(hT |hT—1) f(y1|h1) (6)
f(h [hy)dh; ---dh,

by integrating out the latent variable, where

h{:“], yt{;/“],
POy ) = f O ) F(ya ), ()

f(h[h.)
= f (hn | hl,t—l) f (th | hlt 1 hl,t—l' h2,t—l)

3. TEST STATISTIC

The paper proposes a Lagrange multiplier test for
the hypothesis that the two volatilities are

proportional h,, oc h,, , which is expressed by the
equalities

b, =b,, p=0. €)

Then, we have only to evaluate the score functions
with respect to b, —b, and p* under the null

hypothesis. Note that, although the proportionality
is not satisfied exactly under the null on account of

the effect of initial values h, h,,, the deviation

disappears sufficiently quickly, if
|b [<1, |b,|<1. We can also cancel the initial

value effect by assuming setting h, = h,, .

For the sake of notational simplicity, we denote
that

Py = f(hy | h1,t71),

Py = f(hy [ hy, hl,t—l’ h2,t—1)1
Oy = F (Y [y

Ay = T (Yo [ y)
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The comparison methods presented here build on
recent developments in the land-use modelling and
geographical information literature (Hagen 2003,
Power et al. 2001). They have been adapted to
work with the interval/ratio type data that is most
commonly produced by hydrological models.
These methods are relatively easy to implement
and provide useful alternatives to the current
methods used in hydrology for comparing spatial
fields. The measures produced can be interpreted
in a familiar way for hydrologists.

3.1. SCORE WITH RESPECT TO ,02

The first derivative of the likelihood function with
respect to ,02 is expressed as
©10p°) F(Yyyer Y7 ) = Ky +..+ K[, (20)

where

K =[] f 3 p, (@ py /0h,%)dh  (12)

) fT = Py PoyOhiGo o Py Por G Gy (12)
since we have that
(013p%) py
J1 1
27mp?
( (hy =b,h, , —a,(h, —bh )/ @) 2] (13)
exp| — - 2 .
2p
[(th - b2h2,t—1 —w,(h, - blhl,t-1) / a’1)2 _ij
P P’

1
= E(al@ha)z Py

Then, in integrating out h,;,...,h,; under the null,

we apply the derivative formula of integral of
degenerate densities given in Appendix and

substitute
hy, = b2h2,t—l +a,(h, - blhl,t—l) oy

which is equation (5) with p> =0 . Noting that

(14)

we have h, onlyin g, and p,,,, we have
that
T IqZT_l(%aquT /ahztz) fdh

1 62 ( p2,t+1q2t)

fdh, (15
8h2t2 (15)

Kt = J%( p2,t+1q2t)7
t<T

using the formula of integration by parts. For t=T,
we have only to evaluate
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(a/ath)qZ,t = A\qz,ti
1 (16)
E(a/ahzt)z%,t = thZ,t
where
A= (y2t —th)/O'ZZ,
1 (7)
B, EEI:(th ~h,)* /o, _1/0-22]
For t <T , we have that:
%(a/ahz,t)z [ p2,t+lq2t:|
= % o (62 P2t /ahZ,tz) (18)
+3 P11 (0°Gy, / 21, %)
+(0Py,,1 1 00, )(00y, 1 O, )
Then, we have that
K =E;, Ki=H,+E +G,, t<T, (19
where
1 B -
=2 [ Po (@ Py Oy ) i
E, == [ 6, (%0, /oh,,?) fh 2
t 2 q2,t qZ,t 2.t ' ( )
L, 0p 100, ¢
G — 1 2,t+1 1 2t fdh,
1 Ipz,t+1 8h2’t qZ,I 8h2’t
We see that
Ht
_ ( by’ [ p Io2“1/ fdn 21
~ 5 2t+l h (21)
2,t+1
=h%K

t+1

since, under the null of b, =b, =b ,we have that

(6/ah2 t) p2 t+1

We also have that

E, = [ B fdh,

( b) (a/ahzm) p2t+l



0 0]
Gt :J- p2,t+171 'tfl p2 t+1 q2t fdh
oh,, oh,,

= (_b)J. A p2,1+1 (apz,m 2,t+1) fdh

00,1 Pars £
- bJ- Al 1 Psy2] 172t P22 4
ahZ,t+1

8qZ,tJrl

0 -
p2,t+2 ] fdh
oh

ahZ,H—l

-1
+ p2,t+2

=b[ Alt,s"

2,t+1

- op . -
=bJ FALA,+(-b)— = p, ., Jdn
2,t+1

0P, ]
=b[ A, Afdh+b?[ A h“pmlfdh

2,t+1

=bJ, . +b*p + DT

where
J.. =] AA fdh
since we have that
qu,t+1 p2,t+2 (apz,m /ahZ,t+l)dh2,t+l

(22)
= _I pz,t+18 (Q2,t+1 Pai2 )lﬁhz,mdhz,m

from the derivative formula of the integral of
degenerate density function.Thus, we have

K, =E,

Kiy= bZKT +E,+Gr = bZET +E L +Gry

Ksz =b? KT—l + Esz + Gsz (23)
=b’ (bZET + ET—l + GT—l) + ET—2 + GT—2
K, =b*TOL +0° T 9L+ .+ L,

where
E.+G, t<T
= (24)
E, t=T

Thus, we can evaluate the test statistic using the
conditional covariance of the dynamic factor .

We have that
olog f (¥, ¥7)
op* (25)
= E[kl lyl+...+ E[kT Y]
where
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_ R2(T-t) 2(T-t-1)
k,=b" "I, +b Lo+ ]

| = B, +g, t<T
‘ B, t=T

g, =bALA +D°ALA +..+DTAA

3.2.  Scorewith respectto b,

We next obtain the first derivative of the log
likelihood function with respect to b, evaluated at

b, =b, and p° =0 .Under the hypothesis that

,02 =0 the transition equation is

fhy [hyy)
= (2”0)12)71/2 exp(—(h, - blhl,t—l)z /(26012 )

hy =0,h, 1+ @, (hy —bihy, ) o (26)

We have b, only in h, , hence only in

0, = f (Y, |h,) Then, we have that

(s %)
b,

= PGy =2 aqu 6hZT

ch, doy
ot Py Gy - Pl =

— GGy @7

p, 6th

ny, b,

where
(Y ¥r) = F(Vases Vo) o
= [ PirGir Gy - PrsChy O dh, (28)
dh, =dh, ---dh,;
h, =b,h,,, +a,(h, —bh, )/ &,

Note that
Oy _ o (Y 1) I,
ob, oh,, db,
= (2703) ™M exp(—(y, —1,)* 1 07)  (29)
N (Yo — hZI)/O-ZZ
= 0y (Vo — o) [ 07
where



dn,,

n d,
Then we have that
09 (Y- Yr)
ob,

= (1/05)In; (y,r —hyr)gdh, (30)
+"'+(1/022)In1(y21 - h21)g~dhl

where

g= PraGr 1072 P11 s

We can easily see that

= % = dhz’ti:l
t db2 2,t*l 2 db2
dh,
=h,, ,+h, [hz,t—z +b, dTo: 2 ] (31)

2
= h2,t—1 + bzhz,t—z + bz hz,t—s +..
Then we have that

2log 1)
ob,
= J.[I‘]TAr +..+ nlAi] g(h, [y)dh,

= E[nTAT |y]+---+ E[nlAi |Y]
where the conditional density g(h, |y) is
defined by

g(h1 |Y) =P8t %7 - PLithia2s / g(y)

(32)

3.3. Lagrange multiplier test statistic

We have obtained the score function with respect
to p2 and b2 . We check the hypothesis using the

fact that the expected value of the score functions
are zero under the null hypothesis, so that the large
deviation of the score function from zero is an
evidence that the null hypothesis is not satisfied in
reality. The LM test statistic is define by

LM =s>"s' (33)

where

s=(0log f /olog p*,dlog f /ologh,)'
> =var(s)

Note that we calculate the asymptotic variance
taking the estimation error of the estimated

parameters o7, 05, @, w5, b . It easy to see
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that X can be calculated by the upper-left 2x 2
matrix of the  Fisher information of

(pz,bz,af,azz,a)f,a)zz,bl)'. It is easy to
obtain the Fisher matrix using the BHHH
algorithm. (Berndt et al. 1974). See Hamilton

(1996) for detailed derivation of the LM test
statistic.
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APPENDIX

In the Appendix we obtain the formula for the
conditional expected value and covariance of the
hidden dynamic volatility given the observed
series. The notation employed in this appendix
differs from that used in the main text.

Let us denote

Yi
|
y= Yir ’ A:(wl Tj' (A1)
Yu o, 1+
Yor
hy
2
O
2°T hT
J1-b* 0 0 O
B_ -b 1 0 O (A3)
0 b 1 0
0 0 b1

where h is the hidden dynamic factor with unit
innovation variance and b is the common
regression coefficient of the dynamic factor.

The measurement density is expressed as

f(ylh)
=) Q" (A4)
exp[~(1/2)(y —Ah)' Q™ (y — Ah)],
and the transition density is expressed as
f(h)
=(27)"?|B'B["* (A5)

exp[-(@/2)h'B'Bh],

Then the conditional density of h given y is
expressed as
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f(hly)

=(27) " M (A6)
exp(—-(@1/2)(h—-c)'M(h-c))

where

M=A'Q'A+BB, c=A'Qy (A7)

Then the variance covariance matrix of h given
y isgivenby M™.





