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Abstract  Until recently the visualization of options has been largely limited to two-dimensional representations of market data.
Fellewing the example of multicoloured meteorological diagrams, we have created multicoloured 3D and 4D visualizations of
financial instruments. This paper compares the empirical with the theoretical implied volatility surfaces of the Hang Seng Index
and the S&P500 Index, European siyle call options. Substantial discrepancies between the theoretical Black-Scholes pricing and
the actual daily market pricing of options were discovered, raising the issue of possible lack of empirical corroboration of the
Black-Scholes model. Furthermore, we compared two ways of computing implied volatilities, the conventional open-ended
Black-Scholes “triai-and-error™ method and the new closed-form solution method of Bharadia et al. {1995]. We empiricaily
falsify Bharadia’s claim that his at-the-money formula produces 2 more moderate implied volatility than the conventional trial-
and-error method and therefore leads to a more efficient empirical fit. First, Bharadia’s formula produces too much curvature in
the volatility smile, so that his volatility is guickly too farge for relatively low strike prices. Second, on some days, Bharadia’s
volatility smile can be shown to be empirically larger or lower than the trial-and-error volatility at all available strike prices. This
unpredictable inconsistency between the two methods could lead to serious mis-pricing of options.

1. INTRODUCTION Substantial systematic differences are observed between the

empirical and theoretical implied volatifity surfaces of the
Visualization in finance needs to make perceptible the most options, suggesting that the B-5 model inadequately
critical aspects of market data. Until recently, this has been captures the systematic data variation. For the computation
fimited to 2D graphics. This is insufficient since prices of of both the actuzl and the theoretical implied volatility, the
financial instruments have more than two or three variables, B-S trial-and-error method is used. A comparison with a
For example, bonds have at feast four variables: price, vield, closed form solution for the computation of the implied
maturity and quality grade. More sophisticated instruments, volatility proposed by Bharadia [1995] showed the closed
like options, have up to six variables, ¢.g., as defined in the form to be severcly biased and incapable of capturing the
widely used Black-Scholes (B-S5) moedel: call price, asset observed discrepancies.

price, exercise price, interest rate, maturity, and volatility.

In contrast to financial engineering, visualization i other Z. BLACK-SCHOLES MODEL AND DATA
areas of science has improved dramatically in recent vears.
Motivated by brilliant research efforts and strong funding,

multidimensional modelling and analysis is no longer = 2.1 Black-Scholes Options Pricing Model

novelty in geography, asironomy, physics and biolegical

studies {Hall, 1992; Wolff and Yaeger, 1993} As financial Standardized option contracts were first listed and traded on

engineering increases is market scope, more visualization a regulated market open to all when the Chicage Board

products are embraced by industry professionals to aid in Options Exchange began operation in April 1973 [Hull.

their pricing, trading and financial analysis. (For 2 beautifui 1995, pp.138]. Just before the CBOE opened its doors for

example, see Price, 1996]. business, two Chicago professors, Fischer Black and Myron
Scholes, had made a major breakthrough in options pricing.

In this paper multicoloursd MATLARB graphics are used to when they unveiled the significance of time value in their

visuatize the interrelationships inherent in call options, in famous (B-8) options pricing model [Black and Scholes.

particuiar, to visualize the empirical and theoretical implied 1973} The B-5 options pricing model for 4 European call

volatilities, This analysis required at least 4D umaging. Of option on non-dividend paying stock is

the three software packages, which allow 4D imaging -

Maple, Mathematica and MATLAB -, we found MATLAB C = SN(d,) - Xe"TNidy)

most user-friendly. Other software, like BMBP/Diamond,

{BM Visual Data Explorer, DL, MathCad 6.0 Plus, withd, = In (8/X) + (r + 53/ 27T

Microsoft EXCEL 7.0 and Tecplet, allows only 3D ovT

mmaging, A dedicated MATLAB application is used 1w

generate coloured 3D images, using daily market data on the and d, =4, - VT

Hong Kong Hang Seng Index and the American S&P500
Index for the peried October - December 1996,



where C is the call option price, S the spor price of the
underlying assct, X the strike price, r the cash rate of
interest, 7" time maturity, and s the standard deviation of the
spot price of the underlying asset. Nx} is  the cumulative
normal distribution function evaluated at x. Netice that this
model has six variables, of which five are directly
observable. The implied volatility () can only be measured
indirectly (= not direcily observable) and is thus the rypical
fudging “hidden variable,” similar to what is often used in
guantum mechanics. Figure ! provides the conventiopal 2D
payoff graph of a call option, relating the call price C to the
spot price S, for given X, r, T. and 5. The curved line is the
time value of the option.
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Figure 1: 2D- Payoff Graph of a Call Option
2.2 Implied Velatility and Methodology

The subject of calcudating implied volatility has atracted
much discussion from both industry and academia. Chance
{1992] claims that since the B-S model is 2 fairly complex
non-linear function, the implied volatility s cannot
generally be obtained from the directly measurable variables
C. 5. X, » and T by rearranging the formula. Brenner and
Subrahmanyam [1988] and Feinstein [I988] published
formuias that are accurate for at-the-money options only.
Tomkins {1995, pp.142-144) stated that there are three basic
methods for determining implied volatility: (I} using a
volatitity/price graph. (2) applying a Newton-Raphson
algorithm, or, (3} employing a method of bisection.
However, all three methods use elements of trial-and-error.

With the “what-if" capabilities of an EXCEL spreadsheet
currently widely used by market makers, we determine the
implied B-S volatifity of both the Hang Seng index and
S&P 500 Index Futures call options. In addition, we tested 2
new closed-form formula of Bharadia et al. [1995] for
calculating implied volatility on the S&P 500 Index Furures
Drecember call option contracts. We compared the volatility
smiles of Bharadia’s method with that of the conventional
trial-and-error method.

2.3 Data

The data are recent trading data of the Hang Seng Index
(HS1) November 96 Call Option for reporied trading dates
from 23 September through 30 October 1996 and the S&P
500 Index December 96 Call Option for reported traded
days from 25 October through 7 November 1996, Both sets

of data are from The Asian Wall Street Journal and the
Bloomberg System. Both call opiions are European-siyie
options and hence the B-S mode! is applicable. Both
contracts expire in the last week of the maturity month.
Tables 1 and 2 provide samples of the Hang Seng Index
Futures MNovember 1996 Cali Options and the S&P500
Index Futures December Call Options with the ensuing
computations. The US T-Bill rate was adopted as the
relevant risk-frec interest rate also in Hong Kong because of
the (Currency Board) fixed exchange rate between the US
doliar and the HK dollar.

3. VISUALIZATION IN 3D AND 4D

3.1 Visualization of Hang Seng Index and 5&P 508
Index Futures Call Options

Figure 2 is a 4-D illustration of the empirical value of the
Hang Seng {HSD November Cali Option on 3 October
1996. Two of the six variables, § and #, are fixed for that
day. The relationship between C, X and T is represented by
the 3D value surface. The colour scale indicates different
ranges of implied volatiliny o, as computed by iteratively
solving the B-5 model for o. The implied volatility typically
varies daily and differs across strike prices. As implied by
the theoretical B-S model, the call option’s value is higher
when the strike price is lower. However, less clear is the
relationship between call price and time to maturity, which
initially increases and then declines.
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Figure 2: 4D Hang Seng Index Nov. Call Opti@n, 30ct 96

A complete set of sequential pricing surfaces - empirical.
theoretical and their difference - with each day its own
index spot and interest, has been produced for consecutive
days and is available for use, say, in the classroom, with
MATLAB.

At the close of each trading day, there is oaly one
underlying spot price S. Hence, if only one particular
contract is considered at a time, there would be one point on
the diagram per day. The result would become an
uninformative single line linking ail the various points over
the term to maturity 7 for the option. Therefore, in our



empirical diagram, we plot the observed sirike prices X for
the same option contract S. Thus, the “strike price” X axis is
preferred over the “spot price” § axis for empirical imaging
of options.

For the theoretical B-5 option value surface we derive the
theoretical call prices from smoothed observed hisrorical
volatility. The 10-day moving standard deviation of the
logarithmic returns of the HSI is used to calculate the call
premia. Figure 3 shows that the theoretical surface in the
right panel is considerably smoother than the surface plotted
with the implied volatility in the left panel. This result is
certaindy in line with many fHindings that the smoothed asset
price volatility differs from the implied volatility. Notice
that the empirical left panel shows some “hot spots™ for
implied volatility.
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Figure 3: Comparison between actual call price {with
implied volatility) and theoretical call price {with smoothed
volatility) of the Hang Seng Index Call Option, 3 Get 96

In the right panel of Figure 3, the historical volatility is
constant across various strike prices (= B-57 stationarity of
volatility assumption). In the left panel of Figure 3 the
computed implied volatility differs ascross different sirike
prices and the plotted surface is more texiured. The colour
scale shows that the smoothed empirical volatility is higher
than implied velatility, presumably because it confains
epistemnic uncertainty in addition to the systematic volaulity.
The smoothed volatility is smoothed from the spot price
data. Because it is larger, it produces a higher theoretical
call price. Thus the theoretical price implicitly values also
the cpistemic uncertainty, or “B-5" modeling error,” Similar
images were computed for the S&P300 Index with similar
conclusions.

A considerable number of call aption contracts {especially
the lower strike contracts) were hardly traded dunng this
period, hence not many transaction prices were observed.
To still ereate a surface, these “prices” are calculated by
using the implied volatitity of the closest preceding traded
price for each strike’. Therefore, there are strings of similar

"Practiced by Bloomberg, which claims that ™ the best guide to estimating
the next trade’s implied velatility is the previous trade’s imphied volatiity.
Thus using the “Last -Trade’ implied volatility to generale an estimated
price according o the current underlying futures price should be 3 good
indication of the price at which the option would trade at this moment.”
{Bloomberg, 1997, pp.7-8]

implied volatility for certain days, as projected in the
uniform celour across maturity in the left panel of Figure 3.
Thus, even in the most “empirical” pricing surface
visualizations, empirical practice  “dictates”  some
“smoothing™ of the data. Certainly, the propriety of such
assumptions should be guestioned when the option has not
been traded for some time.

3.2 Alternative Implied Volatility Computations

As an alternative to the conventional open-ended “trial-and-
error method  for computing  implied  volatilities, we
implement the expliclt closed-form solution of Bharadia et
al. {19951, which is exact (only) at-the-money:

o =V (ZWTI(C-B/(Xe T+ 8}, where 5= (5- XeTy2

Lme {years}

To focus our research, we compared 3D volatility surfaces.
or “volatility smiles.” In these cases, the spot price S, the
interest rate r and the call price C are the same for each day.
The colour in the following graphs has thus no additional
meaning, but is just an indication of the magnitude of the
volatility, aiready measured on the vertical axis. For some
discussion of option smiles, see Corrado [1996], Derman
al. [1996], and Dupire [1994].

We mapped a2 surface of the implied volatility of S&P 500
index Dec 96 call options in Figure 4.
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Figure 4: Implied volatility surface of S&P500 Index
Futures Options, using B-S model, 7 Nov 96



Qur data set is complete for the trading period in question
and the result is a smooth surface without gapping. The
plotied surface shows that the implied volatility is higher for
deep in-the-money contracts with lower stike prices, and
rises as the contract edged towards maturity, This confirms
the empirical observation of Macbeth and Merville {1979,
1980] and Derman et al. [1996], when they produced
volatility surfaces of the S&P 500 Index Options.
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Figure 5: Ratio of Bharadia ¢t al. [1995] implied volatility
and B-S trial-and-esror implied volatility of S&P300

Futures Options, 7 Nov 96

However, Figure 5 shows that the range of implied volaulity
compated by the closed-form formula of Bharadia et al
[1995] is wider than that of the irial-and-error method,
aithough it produces a similarly shaped surface. The ratio of
the tmplied volatility of Bharadia to that by the trial-and-
error method shows that this ratio increases to more than
eight times when the option is extremely in-the-money and
close to maturity. When the option is relatively further from
maturity, the ratio decreases to around 2-4 times for close-
to-the-money contracts (contracts with sirike prices 720 and
730). The two volatilities are very near to each other when
the options are increasingly out-of-the-money (e.g. those
with strike price =750).

This observation is more focused when we compare the
Bharadia et al, [1995] versus the conventional B-S trial-and-
error implied volatility in the impled volatlity/time to
maturity (¢/T) plane in Figure 6.

Our  observations contradict  the empirical  evidence
produced by Bharadia [1995] which asserss that his version
of implied volatility consistently more moderate than that of
the market’s, and much closer to the true volatility
compared to those derived from the market as derived by
Brenner-Subramanyam [1988], and Feinstein [1988]. From
our tabulations and data visualization it is clear that the
volatility produced by Bharadia’s new formule has more
curvature than that of the conventional trial and error
method, which is much “flatter.” Morcover, Figure 7 shows
that Bharadia's implied volatility is not consistently above
or below that of the trial-and-error method - in two paneis it
is consistently above and in two below,

1314

—————

ﬂDﬂﬁv
Qi)
o122
o141
0329
o341
0361

2 © @
= Lo Maturily [Years]
Strike at 720

Figure 6: Bharadia et al. [1995] versus trial-and-error B-5
implied volatility, with sirike X = 720, Dec 96 Call Option

Time : 31255 {Years)
S —————— ]

e

¥
@ o
£ #
li
i

@
£
o

imgired Yolauhiy

Py
£

N
&

a
L

130 s 145 TE

Strike Price

tmplied Vol, ; Bharadia vs, Trial-&-Esror
Time : 22/255 (Years}

130 35
Strike Price

Figure 7 Implied volatility of Bharadia et al. {1995] versus
B-S mial-and-emor

4. CONCLUSIONS AND RECOMMENDATIONS

3D and 4D visualization shows that the Black-Scholes
theoretical option model produces prices, which are
different from the actual, traded option prices. Fluctuations
in the daily cash rate and possible non-stationarity of the
underlying price volatility make the zmpirical call option
price surface not smooth. As there is typically a range of
strike prices for a particular type of options, but only one
spot price per traded contract, one must include “strike
prices” as one of the projection axes for the visualizations.
Smoothed price volatility is constant across sirike prices.
thus the resulting theoretical call price surface is smoother



than the call price surface with the implied volatility. The
smoothing of the volaiility is reflected in the observed
smoether surface. But the smoathed volatility is a bit too
large since it confmins some epistemic uncertainty or
“modeiing error.”

The empirical B-S implied volatility differs across strike
prices, and is higher for options that are deeper in-the-
money. The range of implied volatility caleulated by the
new closed form formula of Bharadia et al. [1995] is larger
than the B-5 trisl-and-error implied volatlity, because
Bharadia’s volatility smile shows more curvature. In many
circamstances, the two methods produce significantly
different implied velatility and Bharadia’s new method is
not consistently better or worse than the trial-and-error
method. Consequently, the issues of how o best determine
the implied volatility in the six variable B-S models remains
an open guestion. Moreover, this issue raises the serious
question if the B-S model can be called “scientific” if it is
allowed to have an "unobservable” variable like “volatility”
with an ambiguous and non-unique cennection to
measurable variables, which biases the cail pricing.
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Table 1: Sampic Set of Empirical Data of Hang Seng Index November 1996 Call Option

Hang Seng Index Novernber Call Options

Data 23-Sep 25-Se8p 26-Sep 27Sep 30-Sep 1-0ct 2-Oct 3-0ct
Hang Seng Index 11622 13 11603.53 1163613 11759.39 1180243 11921.22 11951.88 12014.56
US T-BiH Rate (%) 5.0t 4.98 4,92 4.94 4.85 4.8¢ 482 4.82]

Hang Seng index November Cali Optlons Pricas

11000 a2 565 751 a52] g1 534 1070 1075
11200 565 482 593 &5 805 B17 g4z 94
11200 453 as7 359 543] BT 657 £73 563
11600 317 22 347 354 448 458 456, 575
11800 25 138 o7 260 330 340 357 384
12000 353 77 152 155 227 236/ 243 B2
12200 104 93 100 100 85 151 166 189
12400 o 0 0 [ [} 0 105 115,
12600 0 9 0 o o 0 0 67
Historical Volatikty go2%|  1088%|  1059%  11.02% 9.12% 2.01% 8.74% 8.82%

Riack-Scholes implied Volabty

11000 13.78% 13.78% 13.52%, 13.52% 13.52% 13.52% 13.50%, 13.52%)|
11200 11.90% 11.90% 1313% 13.13% 13.13% 13.13% 13 13%; 13.13%|
11408 13.15% 13.15% 13.15% 13,15%: 13.15% 13.15% 13 15%| 7.11%
11608 11.95%: 11.95% 11.95% 11.35%! 10.25% 10.25% 10.25%! 13.17%|
11800 12.16% 12.16% 12.16%| 10.39%: 108086 10.91% 10.91%: 0. 38%)|
12000 12 08%,: 12.08% 12.08% 10.96%! 10.84%, 10.99% 10.98%, 10.88%|
12200 12.08% 12.08% 12.14%] 10.38%: 7.82%) 11.27% £1.08%:; 1.08%,
12408 0 0 0 1} 8 o $1.12% 10.92%!
12600 4 0 0] 8 G 0 0 10.74%,

Table 2: Sampie Set of Empirical Data of S&P 500 Index Futures December 1996 Call Option

 Decamber Call Olion |
DATE 25-0ct-96 28-Cet-95 29-0c1-66)  30-Oct-86]  31-Oct-86| 1-Nov-36 4-Now-96: 5-Nov-95 B-MNov-38 T-Ncw-%l
3&P 500 index 700.92 £87.28 701.50] 700.90 705.27 ATT 706.73 714,14 724,59 72785
US T-Bil Rate {%) 4,79 4.83; 4.88 4.85! 4.88 4 B9 491 4,901 4.93 4.9
ISP 500 Indar Fulures December Call Ogtion Prices
728 94 795 9.85 B.65: 1125 3.45! 1065 13.05 20,05 21.45
] 745 815 7.85 5.8 9.05 745 845 1055 6.5 18.1
] 575 4.7 6.1 525 715 5.8 B.45 835 +3.85 15.1
735 4.4 3,58 485 3.95 555 a4 4.95 8.5 11,2 12.35)
740 3.25 2.65 3.4 3 4.25 325 353 495 8.85 B,EI
745 2.4 1.95 25 213 a1s 235 255 3.7 &8 763
750 17 14 18 15 235 16 18 27 5. 535
Biack-Scholes imphed Voiatiity
72 13.23% 13.26% 13.85% 13.21%: 14.28% 13.31% 13.84%: 13.491% 15.05%) 14.98%|
775 12.81% 12.89% 13.51% t2.81% $3.79% 17.89% 13.37% 12.98%] t4.45% 14.28%]
730 12.9%% 12.58% 13.08% 12.47% $3.97% 12.58% 12.92% 12.58%| 13.89% 13.98%)
735 12.07% 12,23% 12.87%: 12.14% 12.98% 12.80% 1251% 12.23% 13.36%, 13.40%
748 11.73% 11.58% 12.23% 11.98% 12.65%, 11.57% 12.14%: 11930 12.86% 1O2%
745 11,45 11.80% 11.88% 11.65% 12.34% 11.63% 11.70% 11.67% 12.38% 12.42%)
750 11.2%% 11.68% 11.71% 14.57% 12.14% 11.27%, 11.43% 11.43% 12.05% 204%
Bharadia et al. implied Volatiity
720 15.59% 13.54% 17.50% 15.78% 20.81% +7.88% 21.41% 23.22%) 4% 13% 44 86%)
725 12.35% 10.84% +4.05% 12.20% 16.74%: $4.15% 16.98% 21.47% 34.46% 37.85%)
730 5% 2.29% $0.90% 9.58% 13.22% 10.87% 13.16% 15.99% 27 57% 31.57%)
735 7A0% 526% 8 51%: 7.20% 10.27% 8.33% 395% 13.20%) 22 99%, 26,90
740 5.39% 457% 5.07% 5.47% 7.46%, 8.15%) 7.34% 10.07% 18.15%| 20, 50%!
745 3.98% 3.44% 4.87% 3.92% 5.83% 4 45% 5.43% 7.53%) 13.985% 16.00%;
750 2.82% 2.47% 3.02% 2.92% 4.35% 3073%, 3.62% 5.48% 10.67% 12.24%
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