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Abstract: This paper first derives the limiting distributions of the residual and the squared residual autocorre-
lation functions of the nonstationary autoregressive moving-average model, respectively. We then use them to
construct two portmanteau statistics for testing the adequacy of the fitted model. Simulation results show that
the tests have reasonable empirical sizes and powers in the finite samples.
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1 INTRODUCTION

Diagnostic checking is one of the most important steps in time series modeling. Box and Pierce (1970)
proposed a portmanteau statistic based on the residual autocorrelation functions (ACFs) of the autoregressive
moving-average (ARMA) model for testing the adequacy of the fitted model. Ljung and Box (1978) suggested
a simple test statistic, which is a modification of Box and Pierce’s statistic, and is easy to calculate. McLeod
(1978) extended their results directly to more general situations. McLeod and Li (1983) proposed a new
portmanteau statistic based on the squared residual ACFs. All these tests were developed for stationary time
series models.

Shin and Lee (1996) proposed a portmanteau statistic for the nonstationary AR model. This statistic is asymp-
totically follows a x? distribution. However, the corresponding result has not been established for the nonsta-
tionary ARMA (NARMA) model. Testing the unit root in the NARMA model is one of the most important
issues in studies of times series and econometrics. The Dickey-Fuller tests have been extensively used in the
literature. However, an adequate model is essential for the use of these tests. This paper first derives the limit-
ing distributions of the residual ACFs and the squared residual ACFs of the NARMA model, respectively, and
then uses them to construct two portmanteau statistics.

Throughout this paper, the following notation are commonly used. O(1)(O,(1)) denotes a series of numbers
(random numbers) that are bounded (in probability). o(1)(o,(1)) denotes a series of numbers (random num-

bers) converging to zero (in probability). L, and 2 denote convergence in distribution and in probability,
respectively. V'’ denotes the transpose of vector V. D0, 1] denotes the space of function f(s) on [0, 1], which
is defined and equipped with the Skorokhod topology in Billingsley (1968).

2 REVIEW OF NONSTATIONARY ARMA MODELS
In this section, we review some results on the estimation of the NARMA model.
2.1 MODELS

Let {Y;}7; be a set of observations generated by the NARMA(p, ¢) model,
(L) Y: = O(L) e, (1)

where {¢;} is a sequence of unobservable independent and identically distributed (i.i.d.) errors with mean zero
and unknown variance 02, ¢(L) =1 — ¢1L — -+ — ¢pLP and (L) = 1 — ;L — --- — §,L9. We assume
that ¢(L) = 0 has one root that is equal to 1 and its other roots are outside the unit circle, and all the roots of
6(L) = 0 lie outside the unit circle. Model (1) is nonstationary in this case.

Let W, = Y; — Y;_1. Then, model (1) can be expressed in the error-correction form as

p—1 q
Wi =CYq+ Y ¢ Wij+e—> bierj, 2)
j=1 j=1
where C' = —¢(1) = —(1 = YP_, ¢;) and ¢5 = —=S7__ ., ¢ Welet ¢*(L) = 1 — Y P~] ¢ L. Since

C=—-¢(1)=—-(1- Z§=1 ¢j) = 0, W; has a stationary representation,

Wi = thg(L)es, 3)

1

where 1g(L) = $(L)8(L) and (L) = ¢* (L) = (1=X02 1 ¢517) = S22, ¢nLF 9 = 1, and

Y = O(p®) with p € (0,1), see Hannan (1970, p.11).
2.2 LIMITING DISTRIBUTION OF GAUSSIAN ESTIMATORS

Denote 3 = [C,a']" and 3y be its true value, where o = [¢*, 0], ¢* = 7, - s ¢p—1) and 0 = [0y, - - - AR
Let B be the Gaussian estimator of 3. Taking the first-order partial derivatives with respect to 3 in (2), we have
8815

Xt—l E—%:[

86,5

_%’ Ut/—l ]/3
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where U;_1 = —0¢;/0c. X, satisfies the following recursive equation:

q
(1- ZGjLJ ) Xi1 =Y, Wieq, o, Wipy1, —€4—1, -+, —€1—q) = X[ 1. 4)
=1

Similar to (4), the vector U, satisfies the following recursive equation:
q .
(1= 0L Uy = Wity Wi pi1, —1-1,  —e—q) = U 5. 5)
j=1

Note that U} is stationary. The following Lemma 2.1 is Proposition 17.3 in Hamilton (1994).

Lemma2.1 LetW, = Z;io{/;jift—ja where {/ij = O(p?) withp € (0,1). Define v; = E(W;W;_;)

= 2N Ustherjforj = 1,2, A = 0.2 (Wyand Yy = Y Wi fort = 1, n withYy =
0. Then

(i) J= 321 Wi =2 Aw(r) in D0, 1],
(il) J= 570, W jer =2 N(0,029) for j = 1,2, -+ ,
(iii) L3 Y1 Lo fol w(T)dw(T),

LIN2W2(1) — o} forj =0.
I l nﬁ Y _ M/ ) i) 2{ .
() 3 2tmr Yeea Wiy %{/\QwQ(l) —Yo}+>D :Z;(} vi forj=1,2,---.

The following Theorem 2.1 is Theorem 1 in Yap and Reinsel (1995).

Theorem 2.1 Under the assumptions of model (1), it follows that

(i) n(é—C)z@(;thlgt)( Zytz 1)7 +o,(1)

—1 (6)
{/B YdB(u }{/32 du} vl
where © = 6(1) =1~ ;1‘:1 0;, ¥ =1v(1) = ¢* (1) and B(u) is a standard Brownian motion;
1 n U, Uli 1 U
(i) /n(é — ag) = (*Z%) (fz - m) 0,(1)
4 Te )

2y N(O, VY,
where V = E(Uy_1U]_,)/0?
3 MAIN RESULTS

This section discusses the main results of the paper. We first derive the limiting distributions of the residual
ACFs and the squared residual ACFs of model (1) and then use them to construct the portmanteau statistics.

3.1 LIMITING DISTRIBUTION OF THE RESIDUAL ACFS
Let £4(8) be defined as
q p—1
= Oiej(B)+ Wi —CYio =Y ¢ Wi ®)
— =

Denote é; = et(B), where B is defined as in Section 2. Thus, &; is the residual of model (1) when [ is
estimated by .
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The residual autocovariance (ACV) is defined as
= — é .
- tEttk )
t=1
When k£ = 0, we can show that
Z g2 L, 52 (10)

as n—>00. The corresponding residual ACF is defined as

~ n—k o a
A~ Ok thl EtCt+k

k= = T (11)
7o PR
Denote p = (p1,- -, par)’. The aim of this section is to derive the limiting distribution of the vector v/np.
We first consider 7. (8) can be rewritten as
() =Wy — X/} 1, (12)
where X7 | = Yooy, W/_y,—&1(8)) . Wiey = Wiy, -+, Wi_p1) and 5_1(8) = [e1(B),
e1—q(B)]'. Since (o) = €4, by Taylor’s expansion, we have
1 n—k 1 n—k R )
S it =— > c(B)ern(B)
s vn A
n—k n—k
1 1 [Et(ﬁ) 5t+k(ﬁ)}
=— EtEt+k T —= ’
v ; VD ; (8= 9B B=Fo (13)
n—k
1 A ' [e4(B) err(B) A
+2\72(ﬁ—50) G = ]‘_*(5—50)
n 0B 98 B=B
=A + A+ Ag,

where * = [y + p (B — Bo) with |p| < 1. Then, we give two lemmas and their proofs are given in the
Appendix.

Lemma 3.1 Under the assumption of model (1), it follows that
(i) 5 Zn [ Yisnonoi = 0p(1),

(i) n\FZ F [Yien-1 20 = 0p(1),

(iii) L7071 (L) Wigro1 ] & 2 E[07(L) W1 64 ],
(iv) LT[0 U L) Wiy ] erpn = 0p(1),

v) LS [0 NL) it J &0 2 BLOTY (L) Erppmn &0,
i) L0 [0 N(L)Emr ] err = 0p(1).

Lemma 3.2 Under the assumption of model (1),

. Ui Utl— -1 t t /
(i) As = —{E() (& U)} E(Ussk120) + 0p(1),

(i) Ag = o0,(1).

Thus, we have the following theorem.

1341



S.-Q. Ling, K. Zhu and C.-Y. Chong, Diagnostic checking for Non-stationary ARMA Models

Theorem 3.1 Under the assumption of model (1) or (2),

Vg = npn, - i) > N(0,%),

where ¥ = I — D/Q_lD7 O '=EU,_1U/_,) ', Dy = E(Upyk—15¢) and D = (Dy,--+ ,Dpr) /0.

We consider the hypothesis:
Hy : Model (2) iscorrect vs

H; : Model (2) isnot correct
The portmanteau statistic is defined as
Qu =np (Iny —D'Q D)5
By Theorem 3.1, under Hy, Q,; is asymptotically follows a x? distribution with M degrees of freedom. Q

can be used to test the hypothesis Hy against H;. When Hj is accepted, we can claim that model (2) is
adequate for the data {Y;}}"_| .

3.2 LINITING DISTRIBUTION OF THE SQUARED RESIDUAL ACFS

We define the squared residual autocovariance (ACV) as
(&2 —1)(éh,—1). (14)

Ve =

We assume Ee? = 02 = 1. When 02 # 1, 02 can be estimated by 62 defined in (10). When k = 0, we can
show that

Yo = %Z(é?—lf% Eet —1 =0y, (15)
t=1

as n — oo. The corresponding squared residual ACF is defined as

. —k (A .
P = Ve _ ?:1 (51% - 1) (€?+k: - 1) (16)
=15 = - : _
o Zt:l (EtQ - 1)
Denote R = (4, - -+ ,77)"- The aim of this section is to derive the limiting distribution of the vector /nR.

Now, we first consider 9. Since €7(3y) = 7, by Taylor’s expansion, we have

n—k
Ln i (}2 1)(ét%rk_1)
_1 n—=k R N
- /n (5f2(5) -1) (5t2+k(5) —1)
n—=k
:Ln (Ef 1)<5t2+k_1)
2 (17
ko[ (208 - 1) (208 - 1)
+%Z(ﬁ—ﬁo) [ 98 = ]‘ﬂ—ﬁo
= 0 [(53(5)—1)(%2%(5)—1)} 3
v 2 (B ) 5597 |, (B=F0)
=DB; + By + Bs,
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where 5* = o+ p (8 — Bo), with | p| < 1. Then, we give two basic lemmas and their proofs are given in
the Appendix.

Lemma 3.3  Suppose Y;, Wt_l, and g;_1 are defined as in (12). Let & = et(sfﬂc — 1) and &4 =
EH_k(E% —1). Ifo4 < o0, then it follows that

nﬁz " [ Yih—n1 € ] = 0p(1),
(ii) — Zn § [Yicn—1& = 0,(1),
(i) * [9 HL) Wt+k—1}§t+k = op(1),

(iv) L [9 1(L>Wt 1]& = 0p(1),
(v) + [9 YL) &1 [&sr = 0p(1),
(vi) 137 [ L) &1 )& = 0p().

Lemma 3.4 Under the assumption of model (1),
(i) Bz = o0y(1),
(ii) Bs = o,(1).

Thus, we have the following theorem.

Theorem 3.2 [f the assumption of model (1) or (2) holds and o4 < oo, then
VAR = v/n(, - ar) 2 N (O, In).
We consider the following hypothesis:

Hy :  Model (2) iscorrect vs

Hy : Model(2) is not correct

The new portmantaue statistic is defined as
Qu =nR'R.

By Theorem 3.2, under Hy, é w is asymptotically follows a x2 distribution with M degrees of freedom.
Qs can be used to test the hypothesis H against H;. When H is accepted, we can claim that model (2) is
adequate for the data {Y;},_|.
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