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Abstract:    Wavelet theory is associated with building a model for a signal, system or processes with a set of 
special signals and is emerged as a powerful tool of signal de-noising. Earlier, the much celebrated fractional 
Fourier transform (FrFT) has been used to decompose the contaminated signals and obtain the desired signals 
on removing the noise. In optical data transmission, continuous signals are represented as functions of space 
or spatial frequency. Fractional Fourier transforms are closely related to chirp transforms, which in turn 
characterize and formulate optical transmission as the propagation in free space whereas fractional domains 
are the generalizations of conventional space and frequency domain. This leads to an interpretation of 
fractional Fourier or chirp transforms as wavelet transforms. The Wavelet Transform of one dimension has 
two parameters viz. scaling and shifting parameters. This makes possible to establish the correspondence 
between fractional Fourier transform and wavelet transform by choosing chirp function as the wavelet 
transform kernel. 

In this paper, a strong relationship between wavelet transform with fractional Fourier transform has been 
exploited to develop a full-fledged analytical framework in tempered distributional settings, which can be 
viewed as the extension of the FrFT. This interpretation of wavelet transform in terms of fractional Fourier 
transform is then used in filtering and separation of undesired noise and distortion from optical signals.  

The proposed model has far reaching applications especially in the field of signal processing and in 
particular, in the field of long range optical fiber transmission; which has been an active area of research ever 
since the introduction of multiresolution techniques in the fractal representation of modulated signals.  

Experimental results have shown that the wavelet based models have better performance over the other 
transform techniques ever applied for signal processing. 
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1. INTRODUCTION 

The concept of “Wavelets” started to appear in the literature only in the early 1980’s. Morlet (1982), a French 
geophysical engineering, first introduced the idea of Wavelet Transform (WT) as a new   mathematical tool 
for seismic signal analysis. The Wavelet transform decomposes a signal into a representation that shows 
signal details and trends as a function of time. This representation can be used to characterize transient 
events, reduce noise, compress data and perform many other operations. Wavelet transform have become a 
powerful tool of non stationary signal of various kinds such as sound, radar, sonar, seismic biomedical 
signals and for image processing, image compression and pattern recognition by Lokenath (1998). 

Before the advent of wavelet transform, Kumar et. al. (2015) shown that the Fractional Fourier transform 
(FrFT) was most commonly used in areas of signal processing such as repeated filtering, fractional 
convolution and correlation, beam forming, optimal filter, convolution, filtering and wavelet transform, time 
frequency representation. A comprehensive mathematical frame work on properties and applications of FrFT 
can be found in Ozaktas et. al. (2000). The kernel of the FrFT is seen closely related to a particular class of 
wavelet family. This leads to the extension to wavelet transform.  

 

2. THE FRACTIONAL FOURIER TRANSFORM (FrFT) 

We introduced notion of FrFT which may be considered as fractional power of classical Fourier transform. 
The one dimensional fractional FT with parameter ߙ of ݂(ݔ) denoted by ܴఈ݂(ݔ) Young (1995), performs a 
linear operation, given by the integral transform [ܴఈ݂(ݔ)(ߦ) = (ߦ)ఈܨ =  ,ݔ)ఈܭ ∞ି∞ݔ݀(ݔ)݂(ߦ ,                                                                            (1) 

where the kernel   ܭఈ(ݔ, (ߦ = ഀ మൗ√ଶగ௦ఈ ݔ݁ ቂ ଶ௦ఈ ଶݔ)) + ߙݏܿ(ଶߦ − =																																																		 ቃ            (2)(ߦݔ2 ଶݔ)ଶఈ൫ܥ)	ଵఈexpܥ + ߙݏܿ(ଶߦ −  ,൯ߦݔ2
where ܥଵఈ = ଵି(ߙ݊݅ݏ݅ߨ2) ଶൗ exp൫݅ߙ 2ൗ ൯ ଶఈܥ	݀݊ܽ	 = ଵଶ  ߙ݊݅ݏ

The kernel, ܭఈ(ݔ,  is the propagator of the non-stationary Schrodinger equation for a harmonic oscillator (ߦ
specified by Alieva (1994), which is well known in quantum mechanics (where ߙ =  relates to time t and ݐ߱
classical frequency߱, and ߦ is a position at the moment t). 

 

3. THE WAVELET TRANSFORM 

The classical wavelet transform of a function ‘f’ with respect to a given admissible mother wavelet ‘g’ is 
defined on wavelet domain coefficients at scale a and translation b: ൫ ܹ݂൯(ܽ, ܾ) = |ܽ|ିଵ ଶൗ  (ݔ)݂ ݔ))∗݃ − =																							                                                                                              ݔ݀(ܽ/(ܾ ݂, |ܽ|ିଵ ଶൗ ݃∗(௫ି ) = (݂, ݃,) =< ݂, ܷ(ܽ, ܾ) >,                                                                   (3) 

* is a complex conjugate. Note here that integral function is on independent variable x and is mapped to 2-
dimensional function across scale and translator a and b respectively. 

In n-dimensional set up, the continuous WT of ∅ with respect to the wavelet ߖ is defined by  (ܹ∅)(ܽ, ܾ) = ∅^(ܽ, ܾ) =  ߖ(ݔ)∅ ∗ ݔ)) − ோܽ/ݔ݀(ܽ/(ܾ                                                    (4)                               

Provided that the integral exists, where ܾ ∈ ܴ and ܽ > 0. 
A reconstruction formula for (4) is given by ∅(ݔ) = ܹିଵ[∅(ܽ, (ݔ)[(ܾ = ଵି(అܥ)   ∅(ܽ, ܾ)ோோశ ߖ ∗ ݔ)) − ܾ)/ܽ)ܾ݀ܽ݀/ܽାଵ                 (5)                     

                                                                   where ܥఅ =  ଶ|(߱)|ି݀߱|(ݓ)∗ߖ| > 0ோ                                   (6) 
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It has been proved by Perrier and Bassdevant (1996) that for ߰ satisfying the admissibility condition (6) with ݊ = 1, the WT is a linear bounded operator ܹ:ܮ(ܴ) → ܮ ൭ܴ, ଶܮ ൬ܴା, ݀ܽܽ൰൱ = ܹ, 1 <  < ∞, 
Note that for the special case when the scale-translation surface is the wavelet transform of f with respect to 
mother wavelet g, then; ܹିଵ: ܹ(ܽ, ܾ) →  (ݔ)݂
The WT is a one-to-one operator only wavelet transform (wave domain distribution) exists for a given signal. 
However, it should be noted that the wavelet domain representation of a signal is not unique with respect to 
the same mother wavelet by Young (1995).  

The signal ݂ ∈ ݂ ,ଶ(ܴ) can be uniquely represented in wavelet expansionܮ = ∑ ܿ,(݂)߰,, ,                  (7) 

where ܿ,(݂) = 〈݂, ߰,〉are the wavelet coefficients and  ߰,is a family of dilated and translated functions ൛߰, = 2/ଶ߰(2, −݇): ݆, ݇ ∈ ܼൟ, generated by the mother wavelet ߰ ∈  .(ܴ)ଶܮ
4. WAVELET TRANSFORM AS THE EXTENSION OF FrFT 

The kernel of the FrFT is closely related to Wavelet transform. Using straightforward algebraic 
manipulations and making the change of variable ܾ = ߦ sec (ݔ)݂	, (ݔ)݂ we can write the FrFT of ,ߙ ∈ܵ∗(ܴ) [ܴఈ߶] ൬ ܾsec ൰ߙ = 	ܣ |ߙ|1 	 න߶(ݔ)ோ 	ݔ݁	 ቈ݅ߨ ൬ݔ − ܾܽ ൰ଶ  	ݔ݀
݃(ܾ) = [ܴఈ݂] ቀ ୱୣୡఈቁ = 	ܣ ଵ|| 	 ோ(ݔ)݂ 	ݔ݁	 ݅ߨ ቆ ௫ି୲ୟ୬భమ ఈቇଶ൩  (8)                                                                 ,ݔ݀

                                                                                                      where ܣ = (ఈ)||௫ቀమቁ	మ ୱ୧୬మ ఈ, (ߙ)ܥ = ௫ቀഀమ ቁ(ଶగ	 ୱ୧୬ఈ)భమ 
Taking ܽ = tanభమ ܾ as scaling parameter and , ߙ = ߦ sec  as shifting parameter, the convolution represented ,ߙ
by the above integral is a wavelet transform in which the wavelet family is obtained from the quadratic phase 

function ߰(ݔ) 	= (ܾ)݃ .respectively (∝)ܥ భమ(∝) and݊ܽݐ by scaling the coordinate and the amplitude by (ଶݔߨ݅)ݔ݁	 = [ܴఈ݂] ቀ ୱୣୡఈቁ = .ܣ (ܹ݂)(ܽ, (ݔ)݂ ,(ܾ ∈ ܵ∗(ܴ) 
Thus, the FrFT kernels corresponding to different values of ߙ are closely related to a wavelet family. 

Alternatively, we can write wavelet transform in terms of fractional Fourier transform as an obvious 
extension as, 

 (ܹ݂)(ܽ, ܾ) = ଵ [ܴఈ݂] ቀ ୱୣୡఈቁ, ݂(ݔ) ∈ ܵ∗(ܴ)  
The Generalized Wavelet transform as the extension of fractional Fourier transform of ݂(ݔ) ∈ ܵ∗(ܴ) is 
written as  (ܹ݂)(ܽ, ܾ) = [ఈ݂ܴ]ܤ ቀ ୱୣୡఈቁ=		〈݂(ݔ), ,ݔ)ఈܭ                                  (9)                                                                           ,〈(ߦ

where ܭఈ(ݔ, (ߦ = కమ൯	ଵఈ݁మഀൣ൫௫మାܥܤ ୡ୭ୱఈିଶ௫	క൧	                                                                                             
and ܤ = ୣ୶୮	(మ)	మ௦మఈ(ఈ)	|ఈ| , (ߙ)ܥ = ௫ቀഀమ ቁ(ଶగ	 ୱ୧୬ఈ)భమ , ߦ = ௦ఈ  

ଵఈܥ           = ଵି(ߙ݊݅ݏ݅ߨ2) ଶൗ exp൫݅ߙ 2ൗ ൯ , ଶఈܥ = ଵଶ  ߙ݊݅ݏ

The right hand side of equation (8) is indeed meaningful since for each 	ߦ ∈ ܴ and 0 < ߙ ≤ గଶ, the function ܭఈ(ݔ,  																							,ݔ belongs to ܵ(ܴ) as a function of (	ߦ
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                              = sup௫∈ோห(1 + కమ൯	ଵఈ݁మഀ[൫௫మାܥܤ(ݔ)௫ఉܦ	(|ݔ| ୡ୭ୱఈିଶ௫	క]ห 
																																		= sup௫∈ோ อ(1 + ఈܥܥܤ	(|ݔ|

ୀ ߙݏܿݔ) −  ,อ	݁(ି)௧	ିଶ(ߦ	
                                                                where	ܥ = !(ିଶ)!! (݅)ି(2)ିଶ, ఈܥ = ݐ																																																				 ߙݏିܿ(ଶఈܥ) = ݅ܿଶఈ[(ݔଶ + (ଶߦ	 cosߙ −  			ߦ	ݔ2
                             < ∞,	                                              for any fixed ݔ ∈ ܴ and any fixed ݉, 0 < ߙ ≤ గଶ. 
 

5. PHYSICAL INTERPRETATION OF WAVELET TRANSFORMS 

It has recently been shown that the formulation of optical diffraction can be viewed into a similar wavelet 
framework. In optical data transmission, continuous signals are represented as functions of space or spatial 
frequency. Also, we see that the fractional Fourier transforms are closely related to chirp transforms. Chirp 
transform in turn characterize and formulate optical transmission as the propagation in free space. This 
provides the basis of the concept of fractional domains, which are generalizations of the conventional space 
and frequency domains. This leads to an interpretation of fractional Fourier or chirp transforms as wavelet 
transforms. 

Having interpreted the wavelet transform in terms of fractional Fourier transform, we now use this 
consideration in filtering and separation of undesired noise and distortion from optical signals.  

Note that the wavelet transform of one dimension has two parameters viz. scaling and shifting parameters. It 
is possible to establish the correspondence between fractional Fourier transform say ݂ఈ(ݔ), and wavelet 
transform by choosing chirp function as the wavelet transform kernel. 

We illustrate the application of wavelet transform in de-noising corrupted signals. 

 

5.1. Wavelet De-noising 

In optical systems, transmitted signals are usually distributed partially, or sometimes almost completely by an 
additive noise from the transmitter, channel, and receiver. Noise arises due to imperfect instruments used in 
signal processing, problems with the data acquisition process, and interference which can degrade the data of 
interest. Also, noise can be introduced due to compression and transmission errors by Motwani et. al. (2004). 
De-noising or the noise reduction is an essentially required process to enhance the estimation process of 
signal/image reconstruction of the captured signal.  

Wavelets localize features in given data to different scales, thus can preserve important signal or image 
features while removing noise by Bhosale (2012). The basic idea behind wavelet de-noising, or wavelet 
thresholding is that the wavelet transform concentrates signal and image features in a few large-magnitude 
wavelet coefficients. Wavelet coefficients which are small in value are typically noise and you can "shrink" 
those coefficients or remove them without affecting the signal or image quality. After thresholding the 
coefficients, the original signal can reconstructed applying inverse wavelet transform. 

Wavelet de-noising is a simple operation, which aims at reducing noise in a noisy image. It is performed by 
selecting the wavelet coefficients below a certain threshold and setting them to zero as follows: ݕఒ 	= ,	ఒݕ ఒݕ 	≥ 	  ఒݐ

                                                                            			= 0, ఒݕ 	< 	 	ఒ                                                                  (10)ݐ
where ݐఒ is the threshold and λ is the index. 

The threshold used is ݐఒ = ݇ߪఒ ߪ, for some scale k, where σ is an estimation of the standard deviation of the 

noise, ߪ = ௌ.ସହ , and ߪఒ is an approximation value for the standard deviation of each wavelet coefficient 

estimated by using the Monte-Carlo simulation.  
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The following graphic shows the denoised signal through wavelet thresholding along with original signal 
 

Figure 1. Original signal with denoised signal after applying wavelet thresholding 

We can clearly see that wavelet denoising has removed a considerable amount of the noise while preserving 
the sharp features in the signal.  

To conduct the performance factor analysis, the peak signal to noise ratio (PSNR) and root mean square error 
(RMSE) measures are used.  

 

          ܴܲܵܰ = 10 logଵ ൬ ∑ ௫మ()ಿసభ∑ [௫()ି௫ො()]మಿసభ ൰,	ܴܧܵܯ = ଵேඥ∑ (݅)ݔ] − ො(݅)]ଶேୀଵݔ                                                 (11)                             

 

where ݔ(݅) is the original source signal, ݔො(݅) is the separated signal, ݅ is the sample index and N is the 
number of samples of the signal. 

The test is: Higher the value of PSNR with minimum value of RMSE, better the performance of the 
denoising model. 

To illustrate the performance of the proposed wavelet based model, simulations are performed on noisy 
mixed optical signal data on Matlab® R 7.9 on a core i7 2.2 GHz PC using USFFT software package.  
 
Algorithm: Apply the wavelet transform on sample signal 

1. Parameters: Set ܺ and Bayesian classification 
2. Initialization: ܻ = ,ܺ)	ܪܱܱܶܯܵ	  (ܰܣܲܵ

                                                                                                            Time in seconds 

Amplitude  
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3. Decompose signal into sub bands ܨ with block size ܵ 
4. Apply the digital wavelet transform to each block to get wavelet coefficients at scale ݆ 
5. Apply threshold function choosing interval [−ݐఒ, ,ఒ], the ݂(ܿݐ (ఒݐ → 0 in[−ݐఒ, ,, and݂(ܿ	ఒ]ݐ (ఒݐ 	=	ܿ, to demise the wavelet coefficients of input signal.  
6. In the end, apply inverse wavelet transform to get the desired signal.  

 
The results (PSNR in dB) and corresponding RMSE for each sample data are presented below: 

Table 1. PSNR and RMSE values for different sample data 

Images Covariance Fractional 
Fourier 
transform 

Wavelet  
thresholding 

RMSE 

Sample I 
(Random 
Noise) 

m=0, σ2=0.01 
21.19 (m=0, 
σ2=0.01) 

23.89 0.1433 

Sample II 
(Gaussian 
Noise) 

m=0, σ2=0.01 
19.77(m=0, 
σ2=0.01) 

27.89 0.1234 

 

From the experimental results, it is seen that the wavelet based de-noising operation gives increased PNSR 
with minimum RMSE for sample image. Similar simulations can be performed for optical data, satellite 
images, seismic data. 

 

6. CONCLUSION 

In this work, the theory of fractional Fourier transform has been extended to wavelet transform by exploiting 
a strong relationship between Wavelet transform with fractional Fourier transform to develop a full-fledged 
analytical framework for wavelet transform in tempered distributional settings. The extended version of 
wavelet transform has far reaching applications especially in the field of signal processing and in particular, 
in the field of long range optical fiber transmission. Experimental results have shown that the wavelet based 
models have better performance over the other transform techniques ever applied for signal processing. 
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